Abstract. Under Greenberg's conjecture, we give an efficient method to compute the p-part of the ideal class group of certain real abelian fields by using cyclotomic units, Gauss sums and prime numbers. As numerical examples, we compute the p-part of the ideal class group of the maximal real subfield of Q( √ −f, ζ p n+1 ) in the range 1 < f < 200 and 5 ≤ p < 100000. In order to explain our method, we show an example whose ideal class group is not cyclic.
Introduction
Let K be a number field and p a prime number. Let K ∞ be the cyclotomic Z p -extension of K and K n the subfield of K ∞ such that [K n : K] = p n . Further let A n be the p-part of the ideal class group of K n . Greenberg's conjecture claims that A n is bounded as n → ∞ if K is totally real. We have not been able to find any counter-example to the conjecture. On the other hand, it has been verified for certain real abelian fields and some prime numbers by computer calculation (cf. [8, 16] ).
In [11, 14] , under Greenberg's conjecture, Kraft-Schoof and Ozaki gave a nice method to compute the p-part of the ideal class group of certain real abelian fields by using cyclotomic units. In the computation, we need to know whether a cyclotomic unit c n ∈ K n is a p n+1 th power or not in K n . As the degree of the minimal polynomial for c n over Q gets larger, the computation of the minimal polynomial for p n+1 √ c n becomes more difficult. In [15, 16] , by using Gauss sums and prime numbers, we avoided the difficulty and gave an efficient method to compute the ppart of the ideal class number of certain real abelian fields. In this paper, combining them, we give an efficient method to compute the p-part of the ideal class group.
Following [15, 16] , we give numerical examples of the p-part of the ideal class group of the maximal real subfield K f,p of Q( √ −f , ζ p ) in the range 1 < f < 200 and 5 ≤ p < 100000. The first purpose of this computation is to verify Greenberg's conjecture for each case. In fact we verify the conjecture in the above range. Therefore we can make use of the method of [11, 14] 
is the degree of the Iwasawa polynomial for χω k . The second purpose of the computation is to find exceptional pairs, as many as possible for large prime numbers in order to argue about their expected numbers (cf. [17, pp.158-159] ). From our data, the actual numbers of exceptional pairs seem to be close to the expected numbers.
Following [1] , we compute A n for f = 4 · 14606 and p = 5 (i.e., K = K 4·14606,5 ):
Since p splits in Q( √ −f ), we need to modify some conditions in order to apply the criterion of [15] . We explain about the modification and difficulty in the following section.
A method of computation of A n
Let F be an abelian field and p an odd prime number. For simplicity, we assume the following condition:
The exponent of Gal(F/Q) divides p − 1.
Let K = F (ζ p ) and A n = A n (K) be the p-part of the ideal class group of K n = F (ζ p n+1 ). Let D n be the subgroup of A n consisting of classes which contain an ideal all of whose prime factors lie above p. Set A n = A n /D n . Let M n be the maximal abelian extension of K n unramified outside p, L n the maximal unramified abelian extension of K n , and L n the maximal unramified abelian extension of K n in which every prime divisor above p splits completely. Set X n = Gal(L n /K n ) and X n = Gal(L n /K n ). By the class field theory, we have A n X n and
for all sufficiently large integers n. By Ferrero-Washington's theorem in [4] , we have [12] . Let f 0 be the least common multiple of p and f ψ the conductor of ψ. By [9, §6] , there uniquely exists
By [4] , it was proved that p does not divide G ψ (T ). Therefore, by the p-adic Weierstrass preparation theorem, we can uniquely write 
Let p be a prime ideal of K over p and p n the unique prime ideal of K n over p. Denote by K p n the completion of K n at p n , and by U p n the group of principal units of
where p runs over all prime ideals of K over p. Let E n be the group of units ε of K n satisfying ε ≡ 1 mod p n for all p n |p. Denote by C n the subgroup of K × n generated by all the units
where X 0 is the augmentation ideal of the group ring X. Denote, respectively, E n and C n as the closures of the images of E n and
From now on, we also assume the following condition: 
where
We also have the following fact on E n and E n , which follows from the Leopoldt conjecture for (K n , p) (cf. [17, §5.5] ):
for any a ≥ 0. Therefore E ψ n has no nontrivial torsion element.
Our computation is based on the following theorem: 
We give an outline of a proof for convenience of the readers.
Proof. By (C1) and (C2), we obtain the following exact sequence for m ≥ n (cf. [15, §2] ):
where E n is the group of units of K n and Γ n = Γ 
ψ is a zero map, where i n,m is the induced map by the natural inclusion
n , where ( * * ) is the Artin symbol. In order to calculate (E n /C n ) ψ , we use the following lemma:
, c n is a p k th power at L i . Therefore we obtain the latter assertion.
In [15] , when ψ * (p) = 1, we gave explicit conditions for (A) and (B) by using cyclotomic units, Gauss sums and prime numbers. When ψ * (p) = 1, ω 0 divides g * ψ (T ). For n = 0, we can obtain full information from Gauss sums of a subfield of K 0 (cf. [1] ). However, for n ≥ 1, we cannot directly obtain full information on A ψ * n from Gauss sums (see [7, §4] and the last example of section 3). So we will replace the conditions (A) and (B) with (Ã) and (B) in Lemma 4.
Let us write the Kummer pairing: 
When ψ * (p) = 1, we consider the above paring. In order to obtain elements inW ψ ∞ satisfying (Ã) in Lemma 4, we use the following lemma:
Lemma 2. For integers n and k, we set
C n,k = [c n ] ∈ (C n E n p k /E n p k ) ψ |d n (c n ) ∈ (U p k n T n ) ψ C p k n .
Let a be the minimum integer such that p
a ∈ (ω * 0 ,g ψ (T )). Then p a C n,k ⊆ ω * 0 C n,k ⊆ C n,k .
Assume that Greenberg's conjecture holds for
Proof. By Ferrero-Greenberg's theorem, ω * 0 does not divideg ψ (T ). Therefore the minimum integer a exists. Write
By Fact 1, for sufficiently large integers n, C n,k (Z/p k Z)λ (ψ) . If Greenberg's conjecture holds, (E n /C n ) ψ is bounded. Hence C n,k has a subgroup which is isomorphic
, where k ≤ k is a constant integer. Further the natural map
W ψ ∞ , we have the equality. Proof. Since m(ω 0 X) ⊇ Z, we have ω 0 X = ω 0 X by Nakayama's lemma. For any element x ∈ X, there exists x ∈ X such that ω 0 x = ω 0 x . Since ω 0 : X → X (x → ω 0 x) is injective, we have x = x and X = X .
In order to calculate (E n /C n ) ψ for ψ * (p) = 1, we use the following lemma, which can be proved in a similar way to Lemma 1:
Lemma 4. Assume that Greenberg's conjecture holds for
Therefore, in general, we have a difficulty in checking (B) by our method.
Numerical examples of ideal class groups
Let χ be an odd primitive quadratic Dirichlet character, f χ the conductor of χ, and p an odd prime number. Set
k is an even character. For a pair (p, χω k ), we set the following condition:
In the range 1 < f χ < 200, 5 ≤ p < 100000 and odd integers k with 3 ≤ k ≤ p − 2, there are 14085400622 pairs of (p, χω k ) satisfying (C). Among them, 296975 pairs satisfyλ p (χω k ) = 1, 43 pairsλ p (χω k ) = 2, and two pairsλ p (χω k ) = 3. By the method of [8] , we verified Greenberg's conjecture, i.e., λ p (χω k ) = 0 for each of them. Moreover, we checked ν p (χω k ) ≤ 2 by the method of [16] . In the above range, 44 pairs do not satisfy (C). For these cases, we also checked that λ p (χω k ) = ν p (χω k ) = 0 by the method of [8] . Further, using the following lemma, we verified that λ p (χω) = ν p (χω) = 0 for all f χ and p in the above range. 
Therefore, by the class field theory, A χ 0 is not trivial. We obtain the following computational result: From these tables, we can obtain concrete information on the higher K-groups of the ring of integers of Q( −f χ ) (see [16, §4] ).
Let us call a pair of integers (p, k) a χ-irregular pair if p is a prime, k is an odd integer satisfying 3
, and (p, χω k ) satisfies (C). Further we define the χ-irregularity index 
where χ runs over all odd quadratic characters with 1 < f χ < 200, and p runs all prime numbers with 5 ≤ p < 100000. The distribution of the indices of χ-irregularity is given in Table 5 . The actual numbers n r seem to be close to the expected numbers n r (cf. [2] and [17, p. 63] ).
In Figure 1 , we compare the actual numbers of exceptional pairs with the expected numbers in the range 200 < p < 100000. Set
where [ * ] is the Gauss symbol and χ runs over all odd quadratic characters with 1 < f χ < 200. 
where χ runs over all quadratic characters with 1 < f χ < 200. From our data, the actual numbers seem to be close to the expected numbers. Even for large p, it might be possible that the actual numbers are near to the expected numbers.
Finally we give an example such that A n is not cyclic. In We used thirty personal computers for three months to make the tables in this section. The programs were written in UBASIC and C, in which the GNU MP library was included. For the last example, it took a few minutes to calculate cyclotomic units modulo prime ideals, and thirty minutes to calculate Gauss sums modulo prime ideals on one PC (CPU: Pentium IV, 3.6GHz, RAM 2GB). In [1] , it took 6 hours and 42 minutes to compute A 0 by using Alpha 21264, 667MHz, RAM 4GB.
